ABSTRACT. In this paper we develop a simple micromechanical model of a prestressed polycrystalline aggregate, in which the texture-induced and stress-induced anisotropies of the aggregate are precisely dened; here the word \texture" always refers to the texture of the aggregate at the given prestressed conguration, not to that of a perhaps ctitious natural state of the aggregate. We use this model to derive, for a prestressed orthotropic aggregate of cubic crystallites, a birefringence formula which shows explicitly the eects of the orthotropic texture on the acoustoelastic coecients. From this formula we observe that, generally speaking, we cannot separate the total birefringence into two distinct parts, one reecting purely the inuence of stress on the birefringence, and the other encompassing all the eects of texture. The same formula, on the other hand, provides for each material specic quantitative criteria under which the \separation of stress-induced and texture-induced birefringence" would become meaningful in an approximate sense.
INTRODUCTION
The two elastic shear (or quasishear) waves that propagate in the same direction in a stressed solid generally have dierent speeds. This dierence is aected by the stress present, and its measurement conversely delivers information about the stress. In practice, the acoustoelastic birefringence (i.e., the dierence of the two quasishear wave speeds divided by their average) is measured. Since the work of Crecraft [1] in the sixties, the method of acoustoelastic birefringence has been among the most intensively studied for ultrasonic measurement of residual stress (cf. the reviews of Pao et al. [2] , Thompson et al. [3] and the references therein).
To illustrate how information on residual stress is extracted from the measurement of acoustoelastic birefringence, let us consider a simple example. Let a Cartesian coordinate system be chosen. For the special case of a hyperelastic material point with an isotropic natural state and subjected to an initial stress T = diag(T 11 (1) K 1 = K 2 = 1 2 (1 + 3 ); K 3 = 0 ; (2) where V IJ is the phase velocity of shear waves propagating in the I-direction with polarization in the J-direction, V T = ( V 31 +V 32 )=2, K i (i = 1 ; 2 ; 3) are acoustoelastic coecients, is the shear modulus and 3 a \third-order Lam e constant" (as dened by T oupin and Bernstein [4] ) pertaining to the isotropic natural state (cf. Tokuoka and Saito [5] ; see also Tokuoka and Iwashimizu [6] ). By writing C a = 1 2 (1 + 3 );
we m a y recast Eq. 
Eq. (4) is not valid if the given material point is anisotropic in its natural state. For instance, if the material point i s w eakly orthotropic in the natural state and has its planes of symmetry parallel to the coordinate planes, if T = diag(T 11 ; T 22 ; T 33 ), and if we ignore the eect of the original anisotropy on the acoustoelastic coecients K i , then Eq. (4) (cf. Tokuoka and Saito [5] , Iwashimizu and Kubomura [7] ) is replaced by 
where B o is a parameter depending on the anisotropy in the natural state, and C a is again given by Eq. (3). While we are primarily interested in measurement of residual stress, which usually do not arise from elastic deformations, we speak of hyperelastic material point, natural state and elastic deformation when we present Eqs. (4) and (5) above, for it was within such contexts that these equations were derived in the quoted references. Indeed, until the early eighties, all studies in acoustoelasticity were based on the same theoretical approach, namely the continuum theory of small elastic motions (waves) superimposed on a large deformation of a hyperelastic body, where the large deformation in question takes the body from an unstressed natural state to the initial conguration.
In Eq. (5), the left-hand side is called the total birefringence, B o is called the texture-induced birefringence, and the term led by C a the stress-induced birefringence. When Eq. (5) was used in the interpretation of experimental data on a variety o f w eakly anisotropic aluminum and steel sheets, it was found that C a varied only slightly among the samples of the same material (i.e., aluminum or steel) in those experiments, but B o could dier considerably from sample to sample. In a typical ultrasonic measurement, only the total birefringence is determined. In order to use Eq. (5) for the evaluation of stress, the stress-induced birefringence must be separated from the texture-induced birefringence. In practical applications (cf.
Thompson et al. [3] , Hirao et al. [8] ), where a specic material is considered, C a is often given a previously measured value for that material and is taken as a known constant, and B o is estimated from some nominally unstressed calibration specimen which is believed to have the same texture as the test sample.
The method of acoustoelastic birefringence and its underlying theory, as presented above, are open to several objections:
1. Eq. (5) is derived only for ultrasonic waves passing through a hyperelastic material point which is elastically deformed from a natural state. As commented by P ao [9] , Eq. (5) \might be in large error for measuring residual stresses", because \residual stresses are developed in a body as a result of inhomogeneous plastic deformation". Indeed, experimental investigations on several materials indicate that prior plastic deformations would aect the acoustoelastic response of samples. If B o is a constant determined by the inherent anisotropy of the material at its natural state, Eq. (5) clearly cannot be valid after the material point has undergone plastic deformations which h a v e induced changes in its anisotropy. 2. When we are given a sample and are asked to evaluate the residual stress in it, we t ypically do not know the (possibly complicated) thermomechanical history which leads to the given initial state of the sample. Nor do we care about this history. W e are really interested only in the residual stress currently residing in the sample. In ultrasonic measurements, what we determine are the instantaneous responses of the sample, which reect only the character of its given initial state. Making reference to a \natural state" of the sample is, philosophically speaking, unnatural in acoustoelasticity.
3. In Eq. (5), any inuence of texture on the acoustoelastic coecients K i is ignored. As cautioned by Thompson et al. [3] , \care must be taken when [this] assumption is made since the inuence of texture on acoustoelastic constants is stronger than its inuence on elastic moduli or velocities." When the inuence of texture on the acoustoelastic coecients cannot be ignored, there is no justication to call B o the texture-induced birefringence and C a (T 11 T 22 ) the stress-induced birefringence. Certainly we can still speak of the inuences of texture and stress on acoustoelastic birefringence, but the separation of stress-induced and texture-induced birefringence will become theoretically impossible. Before we could devise methods to separate stress-induced and texture-induced birefringence in practice, we m ust make sure that there indeed are well-dened quantities which can be called \stress-induced birefringence" and \texture-induced birefringence". We should quantitatively estimate the inuence of texture on the acoustoelastic coecients K i before we can safely apply Eq. (5) in cases where it is applicable and discuss how to eect the separation of stress-induced and textureinduced birefringence in practice.
Until now w e h a v e been using the word \texture" in a loose physical sense to mean the preferred orientations of crystallites constituting a polycrystalline aggregate. In the purely macroscopic continuum mechanics (and thence in all the acoustoelastic theories based upon it), there is no mathematical expression which directly describes the texture of a material point. Although we refer to B o in Eq. (5) as the texture-induced birefringence, only the intrinsic anisotropy of the natural state, i.e., its slight orthotropy, appears explicitly in the original derivation of the equation; the inuence of texture on acoustoelastic response is represented only indirectly through this anisotropy. It is common belief that the presence of texture in a polycrystalline aggregate gives rise to its anisotropic mechanical behavior. In continuum mechanics, however, it is the material anisotropy, not the texture, which has a precise description. In material science, on the other hand, a subject called quantitative texture analysis (cf. Bunge [10] ) began to take shape in the sixties. There the texture of a polycrystalline aggregate is mathematically described by an orientation distribution function. The methods of quantitative texture analysis were introduced into acoustoelasticity b y S a y ers [11, 12] and Johnson [13, 14] in the eighties.
Sayers [11] and Johnson [14] computed the second-order (SOEC) and third-order elastic constants (TOEC), respectively, for an orthotropic aggregate of hyperelastic cubic crystallites, which are unstressed in a given natural state of the aggregate. Both their computations are based on the Voigt assumption, namely: if a macroscopic material point undergoes a deformation with gradient F , then all the crystallites pertaining to this material point undergo homogeneous deformations with the same gradient F . The eective elastic stinesses of the aggregate are then obtained by a v eraging the corresponding stinesses of the crystallites with the orientation distribution function as weight. This model was originally introduced for an isotropic aggregate of hyperelastic cubic crystallites by V oigt [15] , who computed its two eective SOEC. Evaluations of the TOEC for the isotropic aggregate were carried out in the sixties [16, 17] by using the same model, which Barsch [17] chosen so that the symmetry axes coincide with the coordinate axes), and W 420 is a texture coecient which appears with other W lmn as expansion coecients when the orientation distribution function is expressed as an innite series of the generalized spherical functions (cf. Roe [18] ).
While the word \texture" has acquired a precise meaning in the work of Sayers and of Johnson, their acoustoelastic theory follows essentially the old paradigm. Their starting point is the polycrystalline aggregate in a natural state. The word \texture" refers to the texture of the aggregate at this natural state. The stress in the initial conguration arises as a result of an elastic deformation of the aggregate from the natural state. Thus most of the objections against the old theory remain in force.
In this paper we shall develop a simple micromechanical model of a prestressed polycrystalline aggregate, in which the texture-induced and stress-induced anisotropies of the aggregate are dened precisely by appropriate subgroups of the rotation group SO(3). In our model the word \texture" always refers to the texture of the aggregate at the given initial conguration. Indeed, only the initial conguration will ever be used as the reference conguration of the aggregate, which need not have an unstressed natural state. Using this model, we shall derive, for a prestressed orthotropic aggregate of cubic crystallites, a birefringence formula which shows explicitly the eects of the orthotropic texture on the acoustoelastic coecients. It will be clear from this formula that, generally speaking, we cannot separate the total birefringence into two distinct parts, one reecting purely the inuence of stress on the birefringence, and the other encompassing all the eects of texture. The same formula, on the other hand, will provide quantitative criteria under which the ad hoc approximation (5) would become acceptable (cf. Remark 5.4 below).
PRELIMINARIES
We shall develop a simple micromechanical model by which the acoustoelastic coecients of a polycrystalline aggregate can be expressed in terms of its texture and the (second-order and third-order) elastic constants of its constituent crystallites. To this end, we begin by casting the constitutive equation of a single crystallite in a suitable form (see Eq. (25) 
below).
Consider a single crystallite B , which has an unstressed natural state (B ). We assume that B obeys the kinematics and constitutive l a ws of continuum mechanics. Let (B ) be the initial conguration of B , which can be obtained from (B ) b y a homogeneous transplacement . F or convenience, we shall refer to the transplacement as the pre-deformation of B , although the crystallite B may have been prepared at its initial conguration and the transplacement need not have taken place physically. Let P = r, I be the identity tensor, and E = 1 2 (P T P I) (7) be the Lagrangian prestrain. We assume that is a transplacement with possibly large rotation but small prestrain E , and that (B ) carries a homogeneous initial (Cauchy) stress T
. Strictly speaking, we should have attached a subscript to each physical quantity pertaining to the crystallite B . W e h a v e suppressed the subscript for simplicity and will continue to do so in the remaining part of this section. Later in this paper, we will restore the subscript whenever confusion might arise.
We consider a homogeneous deformation superimposed on (B ). Let F = r and H = F I be the deformation gradient and displacement gradient pertaining to , respectively. W e assume that kHk be small. The crystallite B is strained by the incremental deformation . Let
be the resulting Lagrangian strains of B with the congurations (B ) and (B ) as reference, respectively. It follows immediately from Eqs. (7){ (9) that
(10) Let T be the Cauchy stress at the current conguration ((B )) that results from the transplacement (i.e., followed by ). The corresponding second Piola-Kirchho stresses with (B ) and (B ) as reference are (12) respectively. In this paper we restrict our attention to incremental deformation and pre-deformation which are both elastic. Hence we can express the constitutive equations in question as
respectively, where F and F are the constitutive functions. By eliminating T between Eqs. (11) and (12), we obtain the relation
We assume that F (and thus also F ) be of class C
2
. The initial Cauchy stress at the conguration (B ) i s g i v en by T = F (0) = (det P ) 1 P F (E ) P T : (16) Let e = ( H + H T ) = 2 be the innitesimal strain pertaining to the incremental deformation . F rom Eqs. (10), (13), (15) and the fact that E = e + o(kHk), we appeal to Taylor's theorem to obtain the formula (cf. Haupt et al. [19] , equation (3.10 
where DF denotes the Frech et derivative o f F . W e are interested only in situations where kHk is small and will henceforth discard all terms which are of order o(kHk).
(18) be the polar decomposition of P . F rom the identity U 2 = I + 2 E , w e deduce that U = I + E + o(kE k): (19) By Taylor's theorem, we h a v e (20) Let C = DF (0), K = ( C ) 1 , and D = D(DF )(0) be the stiness tensor, the compliance tensor, and the \third-order" stiness tensor, respectively. As Cartesian tensors, C and K are fourth-order tensors, and D is of sixth-order.
Substituting Eqs. (18) 1 , (19) and (20) into Eq. (17) (with the o(kHk) term discarded), we obtain the relation
As mentioned above, we assume that kE k be small and will henceforth drop the o(kE k) term in Eq. (21).
We are now ready to recast Eq. (21) into the constitutive equation we w ant.
Since (B ) is an unstressed natural state, we h a v e F ( 0 ) = 0 and thence (22) From Eqs. (16), (18) 1 , (19) and (22), we observe that (25) which is the constitutive equation that we will use in developing our model. For a xed e and T , the function (e; T ; ) is clearly continuous on the rotation group SO(3).
A SIMPLE MICROMECHANICAL MODEL
Consider a polycrystalline aggregate which has a macroscopic material point X given in an initial conguration (X) with prestress T (X). Henceforth we shall simply refer to X as the given aggregate point and shall only use (X) a s t h e reference conguration of X. Whether X has an unstressed natural state is irrelevant to our discussion below.
We assume that X consists of numerous crystallites B . A t the initial conguration (X) of the aggregate point X, each crystallite B pertaining to X is itself given in some initial conguration. By abuse of language, we simply denote the initial conguration of B by (B ). As we are considering a polycrystalline aggregate, dierent crystallites need not have the same initial conguration, even if they pertain to the same aggregate point X. In our micromechanical model of the polycrystalline aggregate, we make t w o basic assumptions: Remark 3.1. I f T ( X ) = 0 , our model will reduce to that of Voigt for textured aggregates. Should T (X) arise as a result of an elastic deformation from an unstressed conguration of the aggregate, Assumption 1 would be nothing but the familiar assumption of Reuss as applied to the pre-deformation. Here we are really interested in the general situation that the given conguration of the polycrystalline aggregate is prestressed, the aggregate need not have an unstressed conguration, and the initial stress T 6 = 0 does not arise from an elastic pre-deformation of the aggregate. be the polar decomposition of P . The rotation tensor R denes the orientation of the initial conguration (B ) with respect to that of (B) . Thus the orientations of the crystallites at X are represented by appropriate elements of the rotation group SO (3) .
In what follows we shall appeal to some standard notions and theorems in measure theory, as applied to probability measures and the Haar measure dened on the rotation group. All that we shall need can be found easily in texts on analysis [20, 21] .
We describe the texture at the conguration (X) of the aggregate point X (i.e., the totality of orientations of crystallites at X) b y a probability (Borel) measure } dened on the rotation group SO(3). We call } the orientation measure of the aggregate point X. F or a Borel subset A of SO(3), }(A) gives the probability that we nd a specic crystallite having an orientation represented by an element i n A .
F or brevity, henceforth we write G for the rotation group SO(3). Clearly, w e h a v e } ( G ) = 1 : (27) The natural conguration (B) of the perfect single crystal B usually possesses certain rotational symmetry dened by a point group G cr G . W e call G cr the group of crystal symmetry. By the denition of the orientation measure }, it is clear that } should be right i n v ariant under the action of G cr , i.e., }(AQ) = } ( A ) (28) for each rotation Q in G cr and for each Borel subset A of G.
The collection of rotations Q which satisfy }(QA) = } ( A ) (29) for each Borel subset A of G constitutes a subgroup G tex of G. This subgroup G tex describes the symmetry of the texture at X; w e call it the group of texture symmetry. If the crystallites pertaining to X are randomly oriented, then } satises Eq. (29) for any Q in G|i.e., it is left invariant under the action of the rotation group G. I n that case } will simply be the Haar measure } H , with } H (G) = 1 . Remark 3.2. In the literature [10, 18] on texture analysis, the texture of a macroscopic material point in a polycrystalline aggregate is usually described by the orientation distribution function (ODF) w. Strictly 
Proof: In Eqs. (25) and (31), L(e; T ; R ) i s g i v en as a sum of ve terms. To prove this theorem, it suces to show that the corresponding assertion is valid for the average over } of each of these terms. This demonstration is easily done by appealing to Lemma 4.1. For instance, we h a v e for each Q 2 G tex
The other four terms can be treated similarly. To begin with, we parametrize the rotation group G with the Euler angles ( ; ; ), the denition of which w e follow the convention adopted by Roe [18] .
A rotation R in G is then represented by a 3 3 orthogonal matrix with its entries given by the following equations (cf. Roe [18] ): 53) where Z lmn are the augmented Jacobi polynomials. We call the expansion coecients W lmn the texture coecients. From the normalization condition }(G) = 1, we always have [10, 18] W 000 = 1 . By using Maple V to carry out the integrations and summations symbolically, w e nd from Eqs. (25) , (31), (44) 
here the c ij , c ijk , and s ij are the second-order stinesses, third-order stinesses, and second-order compliances of the cubic crystallites, respectively, and we h a v e made the approximation V 2 T , where = ( c 11 c 12 + 3 c 44 )=5. Thus we h a v e obtained a formula which expresses the acoustoelastic coecient C iso of the polycrystalline aggregate point X explicitly in terms of the elastic parameters of the crystallites. A glance at Eqs. (4) and (55) reveals that the coecient C iso in our present model corresponds to the coecient C a in the acoustoelastic theory of Tokuoka and Saito [5] . Using the experimental data of Thomas [31] on the second-order and third-order elastic constants of (99.95% to 99.99% pure) single-crystal aluminum at 25 C, we nd from formula (56) that C iso = 4:62 10 The formula for C iso reported in reference [30] is erroneous. Eq. (56) is the correct formula.
[10], section 13.1.3) that in our evaluation of K i , w e m a y truncate all terms with l > 6 in the series expansion (53) of w. Moreover, from the cubic symmetry of the crystallites and from the transverse isotropy of the texture, many W lmn coecients are null. It turns out that in our evaluation of K i , w e m a y in eect put (cf. Roe By using Maple V to complete the symbolic computations, we obtain from Eqs. (25) , (31), (44) Remark 5.1. Equation (72), of course, is consistent with the corresponding formula in the more general, purely macroscopic theory (cf. King and Fortunko [37] , equation (5) , for the case T 33 = 0). But Eq. (72) contains more information than its more general counterpart. Once the second-and third-order elastic constants of the crystallites are ascertained, B 0 and all the acoustoelastic coecients in Eq.
(72) become explicit linear functions of the texture coecients. Even when we know nothing about the second-and third-order elastic constants of the crystallites, Eq. (72) gives us more insight than the corresponding formula in the purely macroscopic theory. F or instance, King and Fortunko ([37] , Appendix) surmised that the T 11 + T 22 term could be ignored for \weak anisotropy", but they suggested using 2B 0 to characterize the degree of anisotropy. F rom Eqs. (6) and (72) In this paper we h a v e presented a simple micromechanical model of a prestressed polycrystalline aggregate. We consider a macroscopic material point X of the aggregate given in a prestressed and textured conguration (X). In our model, only (X) is used as the reference conguration for the aggregate point X, which need not have an unstressed natural conguration. Both the prestress T (X) and the orientation measure }(X), which denes the texture, refer to the stress and texture at the initial conguration (X). Material anisotropies of X induced by the initial stress T and the initial texture } are precisely dened. Moreover, explicit formulae which describe the inuence of the texture } on the acoustoelastic coecients in birefringence formulae could be derived. Examples of such formulae are given in Section 5. From these examples it is clear that, generally speaking, we cannot separate the total birefringence into two parts, one reecting purely the inuence of the initial stress T , and the other encompassing all the eects of the initial texture }. On the other hand, such a separation (as embodied in Eq. (5)) would be approximately valid if the texture is suciently weak. The criteria for the validity of Eq. (5) depend on the material and on the situation at hand (see Remark 5.4) . Under the present model, these criteria can be derived from the analog of Eq. (73) for the polycrytalline aggregate in question. Of course, all the discussions above are based on the presumption that the formulae derived under our simple model be corroborated by the actual behavior of polycrystalline aggregates. It is unclear how the simplifying assumptions in the present modelling would aect the validity of these formulae. Further theoretical and experimental studies remain to be undertaken to conrm or to contradict these formulae, to delineate their limitations and to explore their possible applications. Since we are interested in measurement of residual stresses in structural metals, a particularly intriguing question arises which concerns polycrystalline aggregates that have undergone plastic deformations. It has been suggested [30] that a formula such as Eq. (73), where the W lmn coecients pertain to the texture of the given initial conguration, might remain valid even if the aggregate in question has, in the past, undergone plastic deformations. The eects of plastic deformations on the acoustoelastic response of a polycrystalline aggregate would then be reected only in the change of texture that they could have induced on the aggregate. Whether this suggestion has any merit could be answered only in the laboratory.
